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We examine the shape of the primordial black hole mass distribution arising from a peak
in the primordial power spectrum. We show that, for sufficiently narrow peaks, the true
mass distribution deviates significantly from lognormal, the most commonly assumed form
of the mass distribution. The lognormal approximation is outperformed by a number of
similar distributions which can generate negative skewness in log-mass. We highlight the
skew-lognormal as the best of these possible modifications and suggest it be used instead of
the lognormal with sufficiently accurate data, such as future LIGO-Virgo observations.
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2I. INTRODUCTION
Since the idea of primordial black holes (PBHs) was first postulated half a century ago [1–3],
a lot of progress has been made in studying constraints on their abundance as well as possible
signs that they have been detected. Until quite recently, most constraints on the PBH abundance
assumed a monochromatic mass distribution which has the advantage of simplicity, since this is the
unique case where a constraint at any given mass can be made without considering the constraints
on other, similar masses. See e.g. [4–8] for reviews. However, the phenomenon of critical collapse
means that a range of PBH masses are generated from large amplitude perturbations re-entering
the horizon even if the perturbation spectrum has power at only one wavenumber [9–12], due to
the spread in amplitudes of modes at that scale. Therefore, as one would intuitively expect, a
monochromatic mass distribution is not physically realistic, no matter how narrowly peaked the
primordial power spectrum might be.1
While the community was focused on making order-of-magnitude constraints to the PBH abun-
dance and simple “yes/no” answers to whether PBHs of a given mass could constitute the entirety
of dark matter, the approximation of a monochromatic mass distribution was adequate. However,
in recent times there has been a vigorous debate about exactly what fraction of the dark matter
could be contained in PBHs with a mass of order the solar mass, for example to fit to lensing
surveys or the LIGO-Virgo detection of gravitational waves. Many, but not all, constraints allowed
an order one fraction of PBHs to be in dark matter. See e.g. [18, 19] for very recent reviews. These
constraints come from a wide range of methods as well as probing a wide range of redshifts, and
there is the possibility that accretion makes the constraints time dependent in a mass dependent
manner [20–22]. Finally there are some hints that LIGO-Virgo may have detected PBHs, for ex-
ample due to the low spin of most of the detected events [23, 24] as well as some objects which fall
into or close to the mass gap between the lightest expected astrophysical black hole and heaviest
neutron star [25–28].
For all of the above reasons, it has now become commonplace to consider extended mass dis-
tributions. By far the most commonly considered case is the lognormal mass distribution, and
constraints for this distribution were made by e.g. [29, 30] (see [31] for the first related reference
to this mass distribution in the PBH context). Broad mass distributions, such as a power law,
or one with a spike at around one solar mass motivated by the QCD transition have also been
1 In practise there is also a limit to how narrow the primordial power spectrum can be, with the limits depending
on the model of inflation, see e.g. [13–17].
3considered [32, 33], but in this paper we will focus on the more commonly studied case of a narrow
mass distribution, generated by a single peak in the primordial power spectrum.
When making fits of PBH mass distributions to the LIGO-Virgo dataset, it is important to
use a mass distribution at least as accurate as the data set, which has accurate measurements
of the chirp masses and in a few cases, also the component masses. Use of an incorrect PBH
mass distribution when predicting black hole binary merger rates can result in biased parameter
inference. We therefore revisit the common assumption of a lognormal mass distribution and
show that substantial deviations from lognormality occur when consistently computing the mass
distribution from a narrow peak in the power spectrum, especially in the tails of the distribution.
We then propose various alternative analytic mass distributions and measure their goodness of fit to
the true model resulting from a physical calculation of PBH formation. These expressions may be
used to compare PBH merger rate distributions with future data sets such as the large gravitational
wave source sample expected from upcoming LIGO-Virgo observing runs, enabling accurate and
precise inference on the PBH binary formation scenario. In a companion paper (Hall et al, [34])
we apply the most accurate mass distribution as part of a detailed analysis of astrophysical and
primordial black holes as the origin of the LIGO-Virgo gravitational wave events.
II. THE MASS DISTRIBUTION FROM NARROW PEAKS
In order to test the validity of the lognormal mass distribution, we need a robust method
of determining the PBH mass distribution corresponding to a particular peak in the primordial
power spectrum. For this purpose, we use an accurate model for PBH formation described in
Gow et al, [35]. The procedure is to first relate the power spectrum peak to the PBH abundance
ΩPBH(m), and then determine the mass distribution, given by
ψ(m) =
1
ΩPBH
dΩPBH
dm
. (1)
This is a probability distribution, and hence satisfies the condition
∫
dm ψ(m) = 1, as will all the
models we consider later. The procedure to obtain the mass distribution is described in detail in
section 2 of [35, arXiv v1]. It incorporates the effects of critical collapse, and is robust to modelling
choices at the 10% level. In this paper, we will use the traditional peaks theory method with the
modified Gaussian window function stated in eq. (15) of [35, arXiv v1]. We additionally choose the
4same lognormal form for the primordial power spectrum peak,
Pζ = A 1√
2pi∆
exp
(
− ln
2(k/kp)
2∆2
)
, (2)
which has a peak at kp and a width ∆. The normalisation is chosen such that
∫
dk
k Pζ(k) = A,
and means that this peak matches the case of a (Dirac) delta function Aδ(ln(k/kp)) in the limit
∆ → 0. We choose kp = 1.6 × 106 Mpc−1 as the scale corresponding to a PBH mass of ∼ 35 M
(or a horizon mass of MH = 7 M), such that the resulting mass distributions lie in the LIGO
range, although the broader peaks produce mass distributions shifted to significantly lower masses,
as seen in [35].
The most common approximation to the true mass distribution generated from a peak in the
power spectrum is the lognormal, given by
ψL(m) =
1√
2piσm
exp
(
− ln
2(m/mc)
2σ2
)
, (3)
with location and width parameters mc and σ. We will compare this to the true mass distribution
determined using the procedure described above. For the case of a delta function peak in the power
spectrum, the true mass distribution is shown in the left panel of fig. 1. It can be seen by eye
that this distribution is not symmetric about its peak (as a lognormal would be with a log-scale
x-axis), which suggests that the lognormal mass distribution may not be valid for the delta function
power spectrum case (and by extension, symmetric power spectrum peaks with a narrow width).
We test the validity of the lognormal mass distribution for narrow peaks by optimising the model
parameters mc and σ.
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FIG. 1. Left: PBH mass distribution resulting from a delta function peak in the power spectrum. Right:
Comparison of optimised models to the true mass distribution (red) resulting from a delta function peak in
the power spectrum.
5We choose a loss function to minimise based on the Cauchy-Schwarz inequality for continuous
functions,
∫
dm ψ(m)ψmodel(m) 6
√∫
dm ψ2(m)
∫
dm ψ2model(m), (4)
where the integrals are evaluated from zero to infinity. The appropriate loss function is then
CSI = 1−
∫
dm ψ(m)ψmodel(m)√∫
dm ψ2(m)
∫
dm ψ2model(m)
. (5)
This function is bounded by zero and one, with one implying that ψ and ψmodel are orthogonal,
and zero implying that they are identical. Minimisation of this function therefore yields the closest
match to the true mass distribution. We have chosen this loss function as it naturally compares two
continuous distributions, and weights the peak higher than the tails, which is clearly desirable since
most observational techniques are most sensitive to the peak masses. In appendix A, we discuss the
merits and problems of other potential loss functions. We compare the lognormal mass distribution
to three other forms that may provide closer matching to the true case. These models are the
Gaussian, exponentially modified Gaussian (EMG), and the skew-normal distribution, which are
described in detail in appendix B.
Table I shows the CSI metric values for the four models, for a set of power spectrum peak widths
∆, ranging from zero (i.e. a delta function peak) to five. For all the peaks other than the delta
function, the lognormal shape in eq. (2) was used. The optimised models are compared to the true
mass distribution arising from a delta function power spectrum peak in the right panel of fig. 1. It
can be seen from table I that the lognormal is outperformed by at least one of the other models in
every case. For the narrowest peaks, even a Gaussian distribution fits the true mass distribution
better than the lognormal shape. However, the Gaussian, EMG, and skew-normal fail for broader
peaks, where they cannot generate the appropriate skewness. Additionally, they are not good mass
distributions in general, because they can extend to negative values, which is obviously unphysical
for masses. A possible way to ensure positive masses is to define these distributions in log-mass.
This is irrelevant for the Gaussian case, because a Gaussian in log-space is simply a lognormal in
linear-space. It is also not sensible for the EMG, because this can only generate positive skewness.
This is what is required in linear-space, but in log-space, as can be seen in fig. 1, the skewness
required is negative, and so the EMG does not provide a good fit in log-space for the narrow peaks.
6TABLE I. CSI values for different models and power spectrum widths. The dashes indicate extremely bad
matches between the model and the true mass distribution, which lead to numerical issues.
Model
Width ∆ Lognormal Gaussian EMG Skew-normal Skew-lognormal
δ 6.27× 10−3 1.48× 10−3 4.05× 10−4 1.56× 10−4 2.34× 10−4
0.1 6.09× 10−3 1.67× 10−3 4.42× 10−4 1.64× 10−4 2.27× 10−4
0.3 4.83× 10−3 2.94× 10−3 5.78× 10−4 1.46× 10−4 1.77× 10−4
0.5 3.28× 10−3 5.75× 10−3 8.41× 10−4 1.51× 10−4 1.14× 10−4
1.0 9.72× 10−4 1.67× 10−2 1.36× 10−3 6.06× 10−4 2.52× 10−5
2.0 4.85× 10−5 3.64× 10−2 1.12× 10−3 6.09× 10−3 2.85× 10−6
5.0 1.52× 10−4 — — — 1.68× 10−5
Fortunately, the skew-normal can generate skewness in either direction, so can work well in log-
space as well as linear-space. The skew-normal in log-space will be referred to as a skew-lognormal,
because if the skewness is removed, it gives a Gaussian in log-space, i.e. a lognormal. It is given by
ψSL(m) =
1√
2piσm
exp
(
− ln
2(m/mc)
2σ2
)[
1 + erf
(
α
ln(m/mc)√
2σ
)]
, (6)
and depends on the location, width, and skewness parameters mc, σ, and α. The CSI values for this
skew-lognormal distribution are also shown in table I, indicating that this model outperforms the
lognormal for all values of ∆ we consider. This is expected, since the skew-lognormal can always
give the same result as a lognormal, but can additionally introduce some skewness to improve the
fit.
The comparison between the lognormal and skew-lognormal can be seen graphically in fig. 2,
where the best fit lognormal is shown with a long-dashed green line and the best fit skew-lognormal
with a short-dashed blue line. The true distribution calculated from the power spectrum is shown
with a solid red line. For the plots in the bottom row, the skew-lognormal and the lognormal both
provide moderately good fits to the true mass distribution, and for the widths shown in the other
plots, the skew-lognormal provides a significantly better matching to the true distribution than the
lognormal, although even the skew-lognormal does not match the true distribution perfectly as the
power spectrum peak becomes narrower. The asymmetry visible for the narrowest peaks is due to
the effect of critical collapse, which allows for arbitrarily light black holes, but enforces a maximum
mass.
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FIG. 2. Plots of the lognormal (green, long-dashed) and skew-lognormal (blue, short-dashed) fits to the true
mass distribution generated by a lognormal peak in the power spectrum (red, solid). The x limits are chosen
to be where the true mass distribution is 10% of its peak value, to highlight the deviation of the models near
the peak.
8Of course, there is a price to pay for achieving this matching, and that is the introduction of
an additional parameter α, which characterises the skewness of the distribution. However, since
the skew-lognormal can do no worse than the lognormal in every case, it seems sensible to use it
instead of the lognormal for all widths. In the case of narrow (∆ < 1) peaks, the improvement is
so significant that it seems absolutely necessary to use the three parameter skew-lognormal when
fitting to accurate data, such as that produced by LIGO-Virgo, to avoid drawing invalid conclusions
for the PBH model. The best fit lognormal to the ∆ = 1 case has a width of σ = 0.55, so any model
using a mass distribution with a width narrower than this should be applying the skew-lognormal
distribution instead. We present the fitted parameters for this model in table A.2 so that fits of this
distribution can be compared to the width of the power spectrum over a range of widths without
having to recalculate the true mass distribution.
III. CONCLUSIONS
We have carried out a thorough examination of the PBH mass distribution arising from a peak
in the primordial power spectrum, re-evaluating the validity of the lognormal approximation to the
mass distribution. We show that the lognormal model does not accurately capture the shape of the
distribution generated from sufficiently narrow peaks, with ∆ < 1. We compare a set of alternative
models using a loss function based on the Cauchy-Schwarz inequality applicable to continuous
distributions, and show that over a large range of peak widths, the lognormal is outperformed by
the skew-lognormal.
This deviation between the lognormal assumption and the true PBH mass distribution will have
important consequences for physical inferences made from accurate data, such as the LIGO-Virgo
observations. In a companion paper [34], we consider the skew-lognormal as part of a detailed
Bayesian analysis of the LIGO-Virgo O1O2 dataset. The limited sample size means that the
difference in the mass distribution does not significantly affect the results, but the difference will
become increasingly important with the accurate data in the O3 run and future runs.
An accurate model of the PBH mass distribution will also be relevant in other areas, such as
making accurate constraints on the PBH abundance. These constraints are typically presented
for a monochromatic mass distribution, but extended mass distributions have been considered,
see e.g. [29, 30]. The constraints for extended mass distributions are typically similar to the
monochromatic case, but the differences become important when determining the validity of specific
9extended mass distributions, particularly in the case of fPBH ∼ 1, where the tails of the distributions
may be in tension with constraints. In these cases, an accurate model of the mass distribution is
essential, to avoid drawing an incorrect conclusion about the validity of the distribution.
Another scenario involving a narrow mass distribution is that proposed by [36], who show that
PBH evaporation can generate an observable effect in the stochastic gravitational-wave background
for a lognormal mass distribution with σ < 0.01. These conclusions could change significantly when
accounting for the shape of a very narrow mass distribution being significantly non-lognormal,
although it seems that widths these narrow are already disallowed by the effect of critical collapse,
even for a delta function peak in the power spectrum.
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Appendix A: Alternative loss functions
There are a number of alternative loss functions that could be used for optimisation of the
model parameters, and we briefly discuss a few of them here. One metric that is used to compare
continuous probability distributions is the Kullback-Leibler divergence (DKL). This is defined as
DKL =
∫
dm ψ(m) log
(
ψ(m)
ψmodel(m)
)
. (A1)
We choose not to use this loss function because it is more heavily affected by the tails than the CSI
metric, leading to fits where the model peak is significantly shifted from the true peak position.
Another alternative is to carry out least-squares fitting with a χ2-like function. The most basic of
these is unweighted least-squares fitting, where the χ2 is simply the sum of the squared residuals.
This statistic, like the K-L divergence DKL, weights the tails of the distribution too highly and
hence is sensitive to the mass cut-offs applied, even when they are far away from the “central”
mass. A logical extension, therefore, is to carry out a weighted least-squares fit, with the tails
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down-weighted compared to the peak. This results in a loss function
χ2 =
∑
i
(ψmodel(mi)− ψ(mi))2wi, (A2)
where wi are the weights, and we choose a linear scaling relative to the maximum value,
wi =
ψ(mi)
ψmax
. (A3)
We carry out a model fit using this χ2 by generating a dataset of 100 points from the true mass
distribution, equally separated in log-space. The lower and upper mass limits are given by the
boundaries of the interpolation of the true mass distribution, and contain the entire distribution to
within a small rounding error (i.e. the integral between the two limits gives one). The parameters
resulting from this minimisation are very similar to those found using the CSI metric, with the
order of model preference unchanged, as can be seen by comparing table I to table A.1, where
we show the reduced weighted χ2 values for the different widths and models. We choose the CSI
optimisation over this weighted least-squares fit because it uses all the information from the mass
distributions, rather than just a subset of data points.
TABLE A.1. Reduced weighted χ2 values for different models and power spectrum widths.
Model
Width ∆ Lognormal Gaussian EMG Skew-normal Skew-lognormal
δ 6.64× 10−7 1.10× 10−7 4.63× 10−8 1.92× 10−8 2.62× 10−8
0.1 5.69× 10−7 1.06× 10−7 4.23× 10−8 1.65× 10−8 2.25× 10−8
0.3 5.47× 10−7 2.25× 10−7 6.63× 10−8 1.71× 10−8 2.08× 10−8
0.5 3.80× 10−7 4.45× 10−7 9.61× 10−8 1.48× 10−8 1.33× 10−8
1.0 1.44× 10−7 1.60× 10−6 1.94× 10−7 4.27× 10−8 3.31× 10−9
2.0 9.90× 10−9 4.96× 10−6 2.22× 10−7 5.19× 10−7 1.94× 10−10
5.0 4.24× 10−6 5.74× 10−4 9.59× 10−5 5.73× 10−4 2.24× 10−7
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Appendix B: PBH mass distribution models
1. Lognormal distribution
The de-facto standard mass distribution considered for PBHs generated from a reasonably nar-
row, smooth, symmetric peak in the power spectrum is the lognormal, given by
ψL(m) =
1√
2piσm
exp
(
− ln
2(m/mc)
2σ2
)
, (B1)
where mc is the mean of mψ(m) and σ is the width. There are a number of alternative distributions
to the lognormal that may fit the true mass distribution better for narrow power spectrum peaks.
The ones chosen for testing in this work are described in the following sections.
2. Gaussian distribution
This is simply a standard Gaussian distribution, given by
ψG(m) =
1√
2piσ
exp
(
−(m−mc)
2
2σ2
)
, (B2)
with mc the mean and σ the width.
3. Exponentially modified Gaussian (EMG)
As the name suggests, this is related to the Gaussian distribution, but with positive skewness
imparted by an exponential factor. It is given by
ψEMG(m) =
λ
2
exp
(
λ
2
(2mc + λσ
2 − 2m)
)
erfc
(
mc + λσ
2 −m√
2σ
)
, (B3)
where mc and σ are analogous to the Gaussian case, and λ > 0 provides the skewness.
4. Skew-normal
The skew-normal is another modification to the Gaussian distribution which involves multiplying
the Gaussian PDF, and a Gaussian CDF modified with a parameter α, which provides the skewness.
The definition is
ψSN(m) =
1√
2piσ
exp
(
−(m−mc)
2
2σ2
)[
1 + erf
(
α
m−mc√
2σ
)]
. (B4)
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5. Skew-lognormal
The skew-lognormal is virtually identical to the skew-normal, but with the mass terms switched
for log-mass terms, and an additional factor of 1/m to preserve the normalisation over mass, i.e.,
ψSL(m) =
1√
2piσm
exp
(
− ln
2(m/mc)
2σ2
)[
1 + erf
(
α
ln(m/mc)√
2σ
)]
. (B5)
It can be seen that, excluding the last bracket, this is simply the lognormal mass distribution, hence
the name skew-lognormal.
We provide the optimal parameters for this model in table A.2, although the location parameter
ln(mc) will naturally be dependent on the position of the power spectrum peak. These values are
found for kp = 1.6 × 106 Mpc−1, corresponding to a PBH mass of ∼ 35 M (a horizon mass of
MH = 7 M).
TABLE A.2. Table of fitted parameter values for the skew-lognormal distribution with different power
spectrum widths.
Parameters
Width ∆ ln(mc) σ α
δ 4.13 0.56 −2.51
0.1 4.11 0.56 −2.48
0.3 4.02 0.58 −2.25
0.5 3.96 0.61 −1.96
1.0 3.86 0.72 −1.37
2.0 3.59 0.97 −0.70
5.0 0.37 2.41 1.09
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